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The greybody factors in BTZ black holes are evaluated from 2D CFT in the spirit 
of AdSa/CFT correspondence. The initial state of black holes in the usual calculation 
of greybody factors by effective CFT is described as Poincare vacuum state in 2D CFT. 
The normalization factor which cannot be fixed in the effective CFT without appealing 
to string theory is shown to be determined by the normalized bulk-to-boundary Green 
function. The relation among the greybody factors in different dimensional black holes is 
exhibited. Two kinds of (h, h) = (1, 1) operators which couple with the boundary value 
of massless scalar field are discussed. 



*e-mail address: muellerl@physik.uni-kl.de 
^e-mail address: ohta@phys.wani.osaka-u.ac.jp 
*e-mail address: jgzhou@phys.wani.osaka-u.ac.jp 



Recently it has been proposed |I| that string/M-theory on AdS^ x M (where M is 
a proper compact space) is dual to a conformal field theory (CFT) which lives on the 
boundary of the anti-de Sitter (AdS) space. Precise forms of the conjecture [0J of the 
AdS/CFT correspondence have been stated and investigated in refs. [[|, The essence 
of this conjecture is that supposing the partition functions of the two theories are equal, 
the correlation functions in the CFT can be read off from the bulk theory and vice 
versa. One of the interesting examples is the duality between type IIB string theory on 
AdS3 x S 3 x M 4 and certain 2D CFT j|)-|§, since both sides of the theories are very 
well understood. It has been shown that there is an agreement between the Kaluza-Klein 
spectrum of supergravity and the spectrum of certain 2D CFT [|, [7|. 

On the other hand, much work on the absorption and Hawking radiation in 5D and 4D 
black holes has been done in the semiclassical analysis, D-brane picture, effective string 
model and effective 2D CFT Since 5D and 4D black holes are U-dual to BTZ 



black holes [15|, the entropies of 5D and 4D black holes can be related to the entropy of 



the BTZ black holes ||16|| . Especially, in the large N limit HJ, the geometries of 5D and 
4D black holes are AdS3 x M (effectively near horizon region). So one expects to find 
the explanation of greybody factors of higher dimensional black holes in the context of 



BTZ black holes. In refs. |T7|, IB] , the greybody factors in BTZ black holes have been 
discussed from the semiclassical point of view, where the wave equations are solved. 

In the effective string calculation of greybody factors in 5D and 4D black holes, the 
interaction between the scalar fields in the bulk and effective string is described by [[12 



S mt = J d 2 x0(t, x, x = 0)O{t, x), (1) 

where the integration is over the effective string worldsheet, x indicates its location in 
transverse space, and 0(t,x) is some local conformal operator in 2D CFT, which takes 
the form 

0(t,x) = + (x+)04x-), (2) 

where x = t±x and + and CL are primary fields of dimension Hl and fiR, respectively. 
The OPE's of + and CL with themselves are given by 



0-{z)0-(w) = — h less singular terms, (3) 

(z — w) 2h R 

where z = ix~,z = ix + for real x and imaginary t = —it. To compare with the 
macroscopic decay rate in 5D and 4D black holes, the initial state is usually thermally 
averaged, since the black hole corresponds to a thermal state. This means that one must 
take finite temperature two-point correlation functions. Thus the function G(t, x) defined 
by 

G(t,x) = {O(-iT,x)O(0,0))T H , (4) 

is usually chosen as 

Git x) = Co + Co - ( * Tl ) " L ( nTR ) (5) 
^ L > x ) t 2h L+ 2h R Uinh7rT L x+y Vsinh vT R x~ ) ' 1 ' 

Since x + and x~ are linear in z and z, respectively, there seems to be some disagreement 

between eqs. (§) and @. In other words, it is not clear what kind of initial state is used 

to define (|]). Then natural questions arise how to describe the initial state of black holes 

in 2D CFT, and how to explain the greybody factors in 5D and 4D black holes in terms 

of those in BTZ black holes. These are the problems we are going to examine. 

In order to answer the above questions, we discuss the greybody factors in BTZ black 
holes from 2D CFT in the spirit of AdSs/CFT correspondence. To get explicit description 
for (|4j) and ([Sp, we calculate the two-point correlation functions in the BTZ coordinates by 
bulk-boundary correspondence [1-3,18-21], but here we should include all the coefficients 
in the calculation. Using two-point correlation functions in BTZ coordinates, we evalu- 
ate the greybody factors in BTZ black holes, and find that they agree with the known 
results even for the coefficients. This fact gives further evidence to the AdS3 <->• CFT 
correspondence. In fact, the calculation heavily relies on Witten's conjecture |J. The 
result obtained shows that the initial state of black holes can be described by Poincare 
vacuum state in 2D CFT. The coordinate transformation between Poincare coordinates 
(w + , W-) and BTZ coordinates (u+, uJ) induces a mapping of the operator 0(w + , to 
0(u + ,U-) by Bogoliubov transformation, and the operator 0(u+,U-) sees the Poincare 
vacuum state (which is a natural vacuum state for 2D CFT) as an excited mixed state. 

After explaining the greybody factors in BTZ black holes, we find that the greybody 
factors in 5D and 4D black holes can be described by those in BTZ black holes in a unified 
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way. This is because in the large N limit |I[ , the geometries of 5D and 4D black holes turn 
out to be BTZ xS 3 x M 4 and BTZ xS 2 x M 5 , respectively, and the two-point correlation 
functions in 5D and 4D black holes can be related to those in BTZ black holes, which are 
constant multiples of those in BTZ case. The constant can be determined from the parent 



10D supergravity theories f20| , |13| , p3[ . It is known that the greybody factors in black 
holes only depend on the conformal dimension of the operator 0(t, x), and are indifferent 
to the concrete form of the operator. In order to understand the relation between the 
physical degrees of freedom in 3D pure gravity and those of 2D CFT, we next consider 
an (h, h) = (1, 1) operator in M = (4, 4) super CFT (SCFT) based on a resolution of the 
orbifold (T 4 )*^ 1 ^ 5 / S(QxQs), and the corresponding operator in 3D gravity obtained by 
quantizing BTZ black holes in external massless scalar field. By comparing two operators, 
we find that the contribution from different scalars xa is smeared, and gravity cannot 
distinguish between different CFT states with the same expectation value for the operator 
0(u + , U-), which shows that gravity is just like thermodynamics but gauge theory is like 
statistical mechanics || |24j . 



Now let us consider two-point correlation functions of 2D CFT; in Poincare coordi 
nates many studies of correlation functions in boundary CFT have been done by the bulk- 
boundary correspondence [21], [HJ; in BTZ coordinates this was analysed in ref. |22 



To calculate the greybody factors in BTZ black holes, we need to keep all the coefficients 
in the two-point correlation functions, and then compare the greybody factors extracted 
from AdSs/CFT correspondence with those obtained from the semiclassical analysis. 

As a first simple exploration, we consider two-point correlation functions of the op- 
erator coupling to the boundary value of the massive scalar field. In terms of Poincare 
coordinates, the AdS 3 metric is 

I 2 

ds 2 = ~i:(dy 2 + dw+dw-). (6) 

For simplicity, we choose I — 1 in the following discussions. 

The Euclidean action of massive scalar field with mass m in AdS3 space is 

S((f>) = \J dydw + dw.^ (g^d^dA + m 2 2 ) , (7) 

which has solution behaving as (p(y, w + , u>_) — > y 2h -(po(w + , u>_) when y — > 0. The bound- 
ary value (po('w+,'W-) has dimension 2/i_ which couples to an operator 0(w + ,W-) of 



dimension 2h + with the parameters h± defined by 
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h± = -(1± Vl + m 2 



The normalized bulk-to-boundary Green function in Poincare coordinates is |20 



K P (y J w +J w_;w' + ,w'__) 



r(2h+) 



7rT(2h + - 1) 



y 



y 2 + (w + — w' + )(w- — w'_) 



(9) 



which has singular behavior when y — > as ||, 20 1 



y 2h -K P (y, w + , w_; w' + , w'_) — > 5(w + — w' + )S(w^ — w'_). 



(10) 



Here we should mention that the behavior ( |T0D determines the normalization coefficient 
in (|9|). The solution 4>(y,w + ,w_) can be expressed as 

<p(y,w + ,w„) = dw' + dw'_K P (y,w + ,w_]w' + ,w'_)4> (w' + ,w'_), (11) 



where 4>q{w +) wJ) is the boundary value of the bulk field (fi(y,w + ,W- 
The metric of BTZ black holes is |15| 



ds 2 



(r 2 — r 2 )(r 2 — r 



-dt 2 + 



-dr + r z 



r i r_ 



(12) 



with periodic identification <p ~ </> + 27r, where we have chosen 1 = 1. The mass and 
angular momentum of BTZ black holes are defined as 



M = rl + r 2 _, J = 2r + r_. 



(13) 



It can be shown that the metric of BTZ black holes can be transformed to that of AdS3 
locally by 1 



^2 ^,2 \ 2 



w± 



^2 ^<2 



^-2 ^2 \ 2 



^*2 iy 2 



3 7r(T + « + +T_«_) 



with 



T± = — , u± = (p±t. 

Z7T 



(14) 



(15) 
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In the region r >> r± in the BTZ coordinates, eqs. (|T4| ) can be approximated as 



i 

^2 ^2 \ 2 



w± = e 27rT±u± , y = r2 j e^ T+u++T - u ~\ (16) 

Since the boundary field 4>o(w + ,w^) has conformal dimension it is easy to 

see that near the boundary y — > 0(r — > oo), the bulk field 0(r, w + , m_) in BTZ coordinates 
behaves as 

0(r, M+ , M _) ~ (27rT + )- /l -(27rT_)- / -K -r 2 ) h -r- 2h -0 o ( M+ , M _). (17) 

By use of the conformal dimensions of 4>o(w + ,w_) and the relations ([IB]), eq. ( pTTj) in the 
region r » r± is cast into 

0(r, m + ,m_)= du' + du_K B (r,u + ,u^;u' + ,u'_)(j) (u' + ,u'_), (18) 



with 



„2 „,2 \ h + 



K B (r,u + ,u.;u' + ,ui) = -+ ) (27rT + )-^(2vrT_)^ 



7r \ r 2 



)2/i+ 
(19) 

In the derivation of (19), we keep all the coefficients in the calculation, and use the 
normalized bulk-to-boundary Green function. 

According to AdSs/CFT correspondence, the relation between string theory in the 
bulk and field theory on the boundary is || 

e -s e „M = {Jb^°) cft . (20) 

Since is the solution to equations of motion, the bulk contribution to S e ff(4>) is zero, 
and a boundary term contributes to it: 

S e ff = hm ^ J du + du^^/gg rr (f)d r (t). (21) 

Combining flTJ) and QIT])-©, we find 

Seff = - k+{2k + - 1] (r 2 + - rl )(2 7 rT + )- 1 (2 7 rT_)- 1 



x J du+du-du + du_4>o(u+,U-) 

( 7rT_ 



TT1 4- \ 



sinh7rT_(n_ — u{_ 



sinli7rT + (u + — u+) / 

2h + 

| Mu'+M- ( 22 ) 



From @g) and @, one has 



G(f, 



(O(u + ,u_)O(0,0)) 
2h + {2h + - 1) / ttT + 



2/(4 



7rT_ 



2fe + 



7T 



sinh 7rTi m_ 



sinh 7tT_m_ 



(23) 



where we have used (^5j) to simplify the expression.^ However, due to the periodic 
identification ~ + 27r, the above expression for G(i, 0) should be modified by the 



method of images as [22| 



G T (t,0) = (0( u+ ,u_)0(O,O)) 
2h + {2h + - 1) 



7T 



E 



TFT. 



sinh TxT + (d> + i 



- (24) 



2mr) ) \ sinh 7rT„ (0 — £ + 2n7r) 

The sum over n 7^ in (|24"D comes from the twisted sectors of operator 0(it + , w_) in the 
orbifold procedure u± ~ u± + 2mr for the BTZ black holes 0] . The greybody factors in 
BTZ black holes are given by fT2|, 13 1 

r27T 



&abs 



71 

uJ 
7i 



dt 



dt 



LU 

2h+(2h 



be ip - x [G T {t - ie, 0) - G T (t + ie, 
i)e ip - x [G(t-ie,(j)) -G(t 



ie. 



l){2TTT + lf h +~\2TTTAf h +~ l sinh i 



x 



f L + i 



a; 



4ttT, 



cjr 2 (2/?, + ) 

r f /i+ + z 



4ttT_ 



(25) 



where the infinite sum in Gx(t,(f)) has changed the original integral region < < 2n 
into — 00 < < 00 and the parameter / has been switched on. The Hawking temperature 
T H is defined by 

2 11 

— = — + —. (26) 

1 H -L+ 1- 

Here we should point out that in the usual derivation of greybody factors in 5D and 4D 



black holes |I| |i2[ , the periodicity along the spatial direction is ignored, because it is 
assumed that the length of effective string is large compared to the typical wavelength 



1 According to rcf. pOfl , the Ward identities suggest that the factor h + in eq. ( |23| ) may be modified 
to 2h + — 1 due to singular nature of the two-point correlation functions. This affects the following 
expressions, but the results for massless particles remain the same. 
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of the particle, i.e., 2ir is much larger than However, in our method the same result 
can be obtained without the above assumption due to the good behavior of Gxit, 0). 
In the m 2 l 2 — > limit {h + = 1), the decay rate for massless scalar field is 

(Tabs(h + = 1) 
~~ e u/T H _ I 

LUTT 2 l 2 



( e oV2T + _ i)( e W2T_ _ iy ( 27 ) 
which is consistent with semiclassical gravity calculations in |fT7| , [Tj|]. We note that there 



is a minor difference between fl25|) and that obtained in ref. |L8|] with = = h + . In 
eq. fl25|) there is an extra factor h + , however, when h + = 1, both coincide. 

The agreement of greybody factors in BTZ black holes obtained from AdSa/CFT 
correspondence with those from semiclassical gravity calculations indicates that the usual 
effective string theory is nothing but the boundary 2D CFT of AdS3 space. Let us recall 
that the two-point correlation functions in Poincare and BTZ coordinates can be written 
as 

1 



' K + " (w+ - w' + ) 2h +{w_ - w'_) 2h + 



7T 



-i 2h 4 



vrT_ 



sinh 7rT_(-?i_ — uL 



-| 2h+ 

(28) 



sinh 7rT + (?z + — u' + 

In (|28|), the Poincare coordinates w± are related to BTZ coordinates u± by an exponential 
transformation (|T6|) in the region r >> r±. Comparing (|28| ) with eqs. (0)-(^|), we find that 
z and z are not linear in x + and x~, but rather they should be related by an exponential 
transformation. The result obtained also shows that the initial state of BTZ black holes 
can be described in 2D CFT by Poincare vacuum state. The operators + {w + ) and 
0~(w-) in Poincare coordinates satisfy the OPE in eq. (^). However, the nonlinear 



coordinate transformation (jig) introduces a mapping of the original operator 0(w+, W-) 
in Poincare coordinates to the new one 0(u + ,U-) in BTZ coordinates, and this induces 
the Bogoliubov transformation on the operators. The operator 0(u+,u-) see Poincare 
vacuum state as an excited mixed state; that is, they see the Poincare vacuum state as 
thermal bath of excitations in BTZ modes 0, p^j . The usual procedure to thermally 
average the initial state of black holes (or scalar particles) in the calculation of greybody 
factors is just to measure Poincare vacuum state by the operator 0(u + ,U-) in BTZ 



coordinates, which was vague in the former treatment of greybody factors by effective 
string model in 5D and 4D black holes. 

Having understood the greybody factors in BTZ black holes, let us now discuss the 
greybody factors in 5D and 4D black holes in the light of the fact that in the large N 
limit, the geometries of 5D and 4D black holes are BTZ xS 3 xM 4 and BTZ xS 2 x M 5 , 
respectively ||, [F], For example, consider near-horizon AdS3 structure of 5D black 
holes ("boosted" D1/D5 configuration) in the large N limit |J. Its metric is ||, |T8| 



^2 ^,2 y,2 4 

ds 2 = -^{-dt 2 + dx 2 ) + -^(coshadt + sinhadx) 2 + — ^dr 2 + R 2 d£l 2 3 + -fkJ2 dx h( 29 ) 

H R r Tq R i=1 

where r is the extremality parameter, ri,r 5 and r sinh(T are related to the charges of 
Dl-brane (Qi), D5-brane (Q5) and momentum in 5D black holes, and R 2 = rir$. The 
(t, x, r) part of the metric (|29"D is the metric of BTZ black holes. The coordinates (t, x) in 
(f29l) can be used to construct BTZ coordinates u±, from which the Poincare coordinates 
w± can be introduced, and 2D CFT lives on the asymptotic boundary r — > 00 0. 

In the background (p9|), two-point correlation function is modified by a factor r] 5 D [^, 



13, 23 



/ , ^ 2h+(2h + - 1) 1 
(0(w + ,w.)0(w' + ,w'_)) = V5D +y + — — — -, 30 

7r (w + — w + y h +(w^ — wLy n + 

where the constant can be completely determined from the parent 10D supergrav- 
ity theory, that is, from the geometry of (p9|) by the procedure in refs. |20|, ^, [13], [23 



Following the discussion in BTZ black holes, it is easy to see that the greybody factors 
in 5D black holes is a^ s = rj 5 Da^ z . Similarly this conclusion is also true for 4D black 
holes. This indicates that the greybody factors in 5D and 4D black holes have their own 
origin in BTZ black holes, and the dynamical information of 5D and 4D black holes are 
encoded in BTZ black holes. Thus the boundary dynamics of BTZ black holes, which is 
controlled by 2D CFT, looks like hologram and constrains the essential information of 
5D and 4D black holes. 

As we have seen, the conformal dimension of operator 0(w + ,w^) dominates the 
greybody factors, and one need not determine the explicit form of the operator 0(u + , uJ). 
Now let us consider the explicit form for the (h, h) = (1, 1) operator. For D1/D5 system 
in type IIB string theory compactified on T 4 , the Af = (4,4) 2D SCFT can be described 
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by the resolution of the orbifold (T 4 ) QlQs / 'S(QiQ 5 ) |§. By AdS/CFT correspondence, 
the (1,1) operator can be determined from the symmetries [14| 

O i} = dx A dx A , (31) 

where are the scalar fields in the SCFT under consideration, A = 1, 2, • • • , Q1Q5 and 
i is the vector index of SO(4), the local Lorentz group of T 4 . The other possible forms 
for (h, h) = (1, 1) operator can be excluded by the symmetries in AdS/CFT correspon- 
dence ||14|| . The interaction between Oij and minimal scalars hij (whose origin is the 



traceless symmetric deformations of the 4-torus in type IIB string compactified on T 4 ) is 
given by 

Sint = J d 2 zh ij dx t A dx j A . (32) 
On the other hand, the (1,1) operator can be introduced by quantizing BTZ black holes 



in 3D pure gravity. In ref. p6fl , it has been shown that the gauge potentials can be 
parametrized by 

/ 



A^ 



a 3 (u + ) e p a + (u + ) 
i e p a~{u + ) 



a 3 (u) e p a + (ii-, . 

A* = ~ I , I . (33) 

e p a (u-) — a A (u-) 

and the asymptotic metric of BTZ black holes takes the form 

ds 2 = l 2 dp 2 -l 2 e 2p a~~(u + )a + (u_)du + du--\ , (34) 

where the irrelevant subleading terms at large p have been omitted. Then the action (|7]) 
is transformed into 

S e ff = J du + du-O gr avity(u+,U-)sm(ujt - ncj)), (35) 

where 

O 'gravity (u+,U-) = a' {u + )a + («_) , (36) 

and the classical solution with its asymptotic form 

00, t, 0) = (1 - i e -*P) e ^+t-n+4>) + (! + ie -2 P y(^t-n^) ^ ^ 
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has been exploited to get fl3~5| ) with uo = uo + — u- and n = n + — ri-. Comparing (|36| ) with 
(pl|), one is led to the identification 



8xa9xa a (38) 

which shows that the contribution to 0(u+, «_) from different x\ is smeared as seen 
by the operator O grav it y {u +) uJ). Namely 3D pure gravity cannot distinguish between 
different CFT states with the same expectation value for the operator 0(u + ,U-). From 
these observations, one concludes that 3D gravity is a kind of thermodynamics but gauge 



theory is statistical mechanics p4 



In the above discussion, we have only considered the greybody factors induced by 
massive scalar fields. It is highly nontrivial to check whether the above identifications for 
the initial state of black holes in 2D CFT hold valid also for the spinor field case in the 
AdS / CFT correspondence. 

As we have seen, the (h,h) = (1,1) operator 0(u+,u-) can be easily obtained by 
quantizing BTZ black holes in 3D gravity, however, it is unclear whether we can get op- 
erators 0(u+, U-) of higher conformal dimensions by quantization of 3D gravity. If not, it 
is worth discussing whether and how they can be induced in the context of six-dimensional 
supergravity on AdS3 x S 3 , since the Kaluza-Klein spectrum of 6D supergravity truncated 
by 'stringy exclusion principle' matches the spectrum of 2D SCFT [||, [/]. 

Recently it has been argued that the isometry group SL(2, R) of quantum gravity 
on AdS2 can be enlarged to the full infinite-dimensional 1 + 1 conformal group, and the 
mapping AdS 3 — > AdS 2 has been found p7j. It would be also interesting to see whether 
it is possible to find the origin of greybody factors in AdS 2 context as well. 

We hope to return to these issues in near future. 
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